In this article, fractional complex transform with optimal homotopy analysis method (OHAM) is used to obtain numerical and analytical solutions for the nonlinear time-space fractional Fornberg-Whitham. Fractional complex transform is proposed to convert time-space fractional Fornberg-Whitham equation to the nonlinear ordinary differential equations and then applied OHAM to the new obtained equations. This optimal approach has general meaning and can be used to get fast convergent series solutions of the different type of nonlinear fractional differential equation. The results reveal that the method is very effective, simple and the OHAM contains a certain auxiliary parameter h which provides us with a simple way to adjust and control the convergence region of convergence of the series solution.
Introduction
The seeds of fractional calculus (that is, theory of integrals and derivatives of any arbitrary real or complex order) were planted over 300 years ago. Fractional differential equations FDEs have found applications in many problems in physics and engineering [1, 2, 3, 4] . Since most of the nonlinear FDEs cannot be solved exactly, approximate and numerical methods must be used. Some of the recent analytical methods for solving nonlinear problems such as the Adomian decomposition method ADM [5, 6, 7] , variational iteration method VIM [8] , Homotopy-perturbation method HPM [9, 10, 11] , Finite element method [12, 13] the following numerical methods are also efficient for solving nonlinear fractional PDEs, and homotopy analysis method HAM [14, 15, 16, 17, 18, 19, 20, 21, 22] . The HAM, first proposed in 1992 by Liao [14] , has been successfully applied to solve many problems in physics and science. Transform is an important method to solve mathematical problems. Many useful transforms for solving various problems were appeared in open literature, such as the travelling wave transform, the Laplace transform, the Fourier transform, the Backlund transformation, the integral transform, and the local fractional integral transforms. Very recently the fractional complex transform was suggested to convert fractional order differential equations with Local fractional derivative, and the resultant equations can be solved by advanced calculus [23, 24] . The fractional complex transform was first proposed in [25, 26] . We aim in this paper to obtain analytical solutions of the following space-time fractional derivatives nonlinear differential equations by Fractional complex transform FCT with help of OHAM, and to determine the effectiveness of FCT in solving these kinds of problems. The time-space fractional derivatives Fornberg-Whitham equation [27, 28] :
where α is parameter describing the order of the time-space fractional Fornberg-Whitham equation. The function u(x, t) is the fluid velocity, t is the time and x is the spatial coordinate.
Preliminaries and notations
In this section, we give some basic definitions of fractional calculus theory which are be used further in this work.
where
3 The optimal homotopy analysis method (OHAM)
To describe the basic ideas of the HAM, see [14, 15, 16, 17, 18, 19, 20, 21, 22] . Let us consider the following nonlinear partial differential equation: 5) where N is a nonlinear operator for this problem, x and t denotes the independent variables and u(x, t) is an unknown function. By means of the HAM, one first construct zero-order deformation equation
where q ∈ [0, 1] is the embedding parameter, h ̸ = 0 is an auxiliary parameter, H(t) ̸ = 0 is an auxiliary function, L is an auxiliary linear operator, u 0 (x, t) is an initial guess. When q = 0 and q = 1, we have
Liao [14, 15] considered a Taylor series expression of φ(x, t, q) with respect to q in the form
Assume that the auxiliary linear operator, the initial guess, the auxiliary parameter h and the auxiliary function H(t) are selected such that the series (3.8) is convergent at q = 1, then we have from (3.8)
Let us define the vector u
Differentiating (3.6) m times with respect to q, then setting q = 0 and dividing then by m!, we have the m th -order deformation equation
and
Applying the integral operator on both sides of (3.12), we have
The m th -order deformation Eq.(3.12) is linear and thus can be easily solved, especially by means of symbolic computation software such as Mathematica, Maple, Matlab. Yabushita et al [29] and Mohamed S. Mohamed et al [30, 31, 32] applied the homotopy analysis method to nonlinear ODE's and suggested the so called optimization method to find out the optimal convergence control parameters by minimum of the square residual error integrated in the whole region having physical meaning. Their approach is based on the square residual error. Let ∆(h) denote the square residual error of the governing equation (3.5) and express as
The optimal value of h is given by a nonlinear algebraic equation
The Fractional Complex Transform
The fractional complex transform was first proposed in [25, 26] . Consider the following general fractional differential equation
where u
Where p, q, k and l are unknown constants. Using the basic properties of the fractional derivative and the above transforms, we can convert fractional derivatives into clasical derivatives:
Therefore, we can easily convert the fractional differential equations into partial differential equations, so that everyone familiar with advanced calculus can deal with fractional calculus without any difficulty which can be solved by optimal homotopy analysis.
Applications
In this section, to demonstrate the effectiveness of our approach, we use the complex transformations, the applicability of FCT shall be demonstrated by consider the time-space fractional Fornberg-Whitham equation in the form:
where α and β are a parameter describing the order of the fractional time derivative. The exact solution to Eq.(5.21) and subject to the initial condition
which derived in [27] and is given as:
where A is an arbitrary constant. To apply FCT to Eq.(5.21), we use the above transformations, so we have the following partial differential equation:
For simplicity we set w = 1, and p = 1 so we get
Now, we solve Eq.(5.25) using the OHAM, we choose the linear operator
with property L [c] = 0, where c is a constant. We define a nonlinear operator as
We construct the zeroth-order deformation equation
For q = 0 and q = 1, we can write
Thus, we obtain the m th -order deformation equations
The auxiliary function can be determined uniquely H(t) = 1.Now the solution of the m th -order deformation equations (5.29) for m ≥ 1 becomes 31) and so on. The approximate solutions of Eq.(5.24) take the following form at β = 1,
(5.32) and so on. According to the HAM, we can conclude that
Γ(1+α) ( The approximate solution (5.33) is a full agreement with results obtained by [27] and Jagdev et al. [28] . To investigate the influence of h on the convergence of the solution series given by the HAM, we first plot the so-called h-curves of u ′′ (1, 1) . According to the h-curves, it is easy to discover the valid region ofh. We used 6 th in evaluating the approximate solutionu (x, t) = ∑ 5 i=0 u i (x, t). Note that the solution series contains the auxiliary parameter h which provides us with a simple way to adjust and control the convergence of the solution series. In general, by means of the so-called h-curve i.e., a curve of aversush. As pointed by Liao [14] , the valid region of h is a horizontal line segment. Therefore, it is straightforward to choose an appropriate range for h which ensure the convergence of the solution series. We stretch the h -curve of u ′′ (1, 1) in Fig. 1 , which shows that the solution series is convergent when −1.75 ≤ h ≤ −0.5. As mentioned in section 3, the optimal value of h is determined by minimum of d∆6, corresponding to the nonlinear algebraic equation In summary, from figures 1-6 we deduce the behavior of the approximate solutions is the same behavior of the exact solution at some different values αandβ = 1. Consequently, we deduce that the approximate solution is rapidly convergent series as the exact solutions. The approximations given by an OHAM converge much faster than the normal HAM in general. The example considered in this paper suggests that the OHAMs with one or two convergence-control parameters are computationally most efficient and can give accurate enough approximations.
Conclusions
The main aim of this work is to provide the fractional complex transform is very simple and use of this method does not need the knowledge of fractional calculus. The optimal homotopy analysis method has been successfully applied for solving nonlinear fractional Fornberg-Whitham equation. The results obtained by using the OHAM presented here agree well with the results obtained by [27] and [28] at β = 1. The reliability of this method and reduction in computations give this method a wider applicability. OHAM contains a certain auxiliary parameter hwhich provides us with a simple way to adjust and control the convergence region and rate of convergence of the series solution. The results show that OHAM is powerful mathematical tool for solving nonlinear fractional differential equations having wide applications in engineering. Mathematica software has been used for computations in this paper. It therefore provides more realistic series solutions that generally converge very rapidly in real physical problems.
